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1. MOVıNG LENſ (6 points) — Eppu Leinonen.
The centre of a thin converging lens moves
along a circle while the orientation of the
lens remains fixed; the optical axis of the lens
lies in the plane of the circle (the plane of the
figure). Two fixed pointsP andQ, also in this
plane, are imaged by the lens; the images are
always real. As the lens moves, each image
traces a closed curve in the plane of the fig‐
ure: P → P ′, Q → Q′. The two points and
both curves are shown in the figure.
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i) (2 points)Construct the circle along which
the lens centre moves.
ii) (4 points) Determine the direction of the
lens plane, i. e. construct a line parallel to
the lens.
In the construction tasks, draw the construc‐
tion on the provided sheet with the figure,
detail the steps of your construction, and ex‐
plain why your construction works.
2. LıſſAȷOUſBRıDGE (6 points) — JaanKalda.
A circuit has four nodes A, B, E, D. An AC
source of amplitude V is applied between A
and E. A resistor R1 connects A to B and a
capacitor C connects B to E; a resistor R2

connects A toD and an inductor L connects
D to E. A potentiometer with a sliding con‐
tact P is connected between A and E. The
voltage between P and B feeds the x‐input
of an oscilloscope, and the voltage between
P and D feeds the y‐input; both input chan‐
nels have the same gain. The oscilloscope
plots the voltage Vx from the x‐input and
the voltage Vy from the y‐input in the Vx–Vy‐
plane. The position of the sliding contactP is

adjusted until the figure on the screen degen‐
erates into a line segment. It appears that in
that case, the line segment makes an angle α
with the x‐axis, and the sliding contact P di‐
vides the potentiometer’s length in the ratio
1 : 2 from left to right in the figure. Find the
amplitude of the voltage between B and P .
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3. KıRıLL ON A ſWıNG (8 points) —
Kaarel Hänni. A swing has rigid rods at‐
taching it to a horizontal pivot, so it can
rotate freely in a vertical plane. Initially
the swing hangs vertically below the pivot
with Kirill standing upright on the seat; his
friend gives him an initial angular velocity
ω0 about the pivot. Kirill is practising ath‐
letic swinging: whenever the swingmoment‐
arily has zero angular velocity, he quickly
squats; whenever the rods are again vertical,
he quickly stands up. Treat Kirill as a point
mass at distance a from thepivotwhen stand‐
ing and b when squatting (a < b); squat‐
ting and standing aremotions along the rods.
Neglect friction, air resistance, and the mass
of the swing. Gravitational acceleration is g.
i) (1.5 points) Sketch, qualitatively, how Kir‐
ill’s angular speed depends on time during
the first full period of the swing.
ii) (2 points) On the phase diagram (angu‐
lar velocity vs. angle), sketch, qualitatively,
the trajectory from the initial push until the
swing first goes over the top. The total num‐
ber of periods shown need not be correct.
iii) (4.5 points) Find how many times Kir‐
ill must stand up before the swing first goes
over the top. Evaluate your answer for a =
2.5 m, b = 3.0 m, ω0 = 1.0 rad/s, and g =
10 m/s2.

4. ROD AND BEAD (8 points) — Eero Ris­
tolainen, Jaan Kalda. A bead is threaded on
a rigid frictionless rod. The rod rotates with
constant angular velocity ω about a hori‐
zontal axis that is perpendicular to the rod
and passes through a fixed point on it Gravit‐
ational acceleration is g.
i) (1 point) With suitable initial conditions,
the trajectory of the bead is a circle. Sketch
this trajectory in the plane perpendicular to
the rotation axis, in a coordinate systemwith
the axis at the origin.
ii) (1 point)Given that the trajectory is exactly
a circle, find its radius.
iii) (2 points) The circular trajectory of the
previous tasks is unstable. To stabilise it, one
attaches a spring that produces a restoring
force −kx when the bead is displaced by x
along the rod from the axis of rotation. For
what values of the stiffness k can the bead
move along a stable circular trajectory, and
what is the radius of such a trajectory?
iv) (4 points)Next, the spring is removed, the
bead is given a charge q, and a uniform elec‐
tric field of strength E whose vector rotates
with angular velocityΩ in the same direction
as the rod is introduced. With suitable ini‐
tial conditions, the bead follows the traject‐
ory shown below. Find Ω, g, and the ratio
aE = Eq/m, wherem is themass of the bead,
in terms ofω and d, the side length of the grid
squares shown in the figure. You may take
measurements from the figure.
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5. SATURATıON PREſſURE OF WATER
(8 points) — Eero Uustalu. Tools: transparent
plastic tube (open at both ends, Luer lock
to connect with a syringe at one end, length
∼1.5 m, inner diameter ∼1.5 mm); plastic
syringe with a water‐tight Luer fitting to the
tube; small open container with a few milli‐
litres of dodecane (labelled “D”); metal pin
with outer diameter ∼2 mm to close the tube
tightly (if it gets stuck, ask the invigilator to
help remove it); measuring tape; container
with water (labelled “W”); a large container
for waste liquids; a small wooden stick; a few
strips of masking tape; paper towel.

Water and dodecane do not dissolve in
each other. The density of dodecane is less
than the density of water.

Avoid skin and eye contact with do‐
decane, and do not ingest it; wash your
hands after handling.

During the experiment, the tube can only
be filledwith dodecane: the inner surfaceof
the tubemust never touch water!

If necessary, you can have one replace‐
ment tube, one replacement syringe, and
reasonable additional amounts of dodecane
and water.

Determine the saturated vapour pressure
psat of water at room temperature; room tem‐
perature and air pressure are recorded by the
invigilator at the start of the session: Troom =

◦C; pair = kPa.
Note that at typical room temperatures,

the saturated vapour pressure of dodecane is
much lower than that of water.
i) (2 points)Describe your measurement pro‐
cedure and explain the physical principle it
is based on.
ii) (4 points)Perform themeasurements. Tab‐
ulate all quantities you measure and docu‐
ment the sequence of operations.
iii) (2 points)Determine psat at room temper‐
ature. What is the dominant source of sys‐
tematic error?
6. PULL‐UP BAR ROPE (5 points) — Jaan
Kalda. A rope is thrown over a horizontal
pull‐up bar at height H above the friction‐
less floor. One end of the rope is tied to a
heavy weight resting on the floor; the other



end is pulled so that the length of the rope
between the bar and the weight decreases at
a constant rate v. At a given moment, this
segment makes an angle α with the vertical
(see figure); the weight is still in contact with
the floor. Gravitational acceleration is g.
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i) (1 point)Find the speed u of the weight.
ii) (1 point) Find the magnitude of the accel‐
eration of the weight.
iii) (3 points) Find the angle α0 at which the
weight lifts off the floor.
7. WATER HOſE (5 points) — Ralf Robert
Paabo. A liquid with density ρ flows in a
pipe with diameter D. At low mean speeds
v, the flow is laminar (uniform and without
vortices); the drag force per unit area FL =
µdu/dr on the liquid comes from wall fric‐
tion, where µ (unit Pa · s) is the dynamic vis‐
cosity, u is the local speed, and r is the dis‐
tance from the axis. When v is large enough,
the flow becomes turbulent, filled with vor‐
tices whose velocity fluctuations are of the
order of v itself. The drag FT still comes
from wall friction µdu/dr, but the vortices
squeeze the near‐wall layer (across which the
flow speed drops from v to zero) to a thick‐
ness δ ≪ D where the drag force per unit
area µv/δ is of the order of the dynamic pres‐
sure ρv2 carried by the vortices.
i) (1.5 points) At any given flow speed, only
one of the two mechanisms actually domin‐
ates the drag – but the dimensionless ratio
of the two characteristic drag scales, R =
FT/FL, can be computed regardless and tells
us which regime we are in. This ratio is the
Reynolds number. Express R as a product of
powers of ρ, v,D, and µ.
A water pump with output power P = 250 W
is used for watering a garden; it draws wa‐
ter from a depth h = 20 m directly into a

hose of length s = 40 m and inner diameter
d = 13 mm. Water leaves the end of the hose
at a volumetric rate Q = 25 L

min . Density
of water is ρw = 1000 kg

m3 , viscosity µw =

1.1 × 10−3 Pa · s and gravitational accelera‐
tion is g = 9.8 N

kg .

ii) (0.5 points)Determine the flow type in the
hose. It is known that flow is turbulent when
R > 2500 and laminar otherwise.
iii) (3 points) The gardener is cleaning tools
by directing the water jet onto dirty surfaces.
Where the jetmeets the surface, the pressure
rises above atmospheric; this excess pres‐
sure is what removes dirt. To make cleaning
more efficient, the gardener attaches a spray
nozzle set to narrow‐jetmode, so that the exit
cross‐section of the nozzle is f = 15 % of
the hose’s cross‐section. By what factor does
the volumetric flow rate Q change? By what
factor does the excess pressure at the dirty
surface change? Find both within 1 % accur‐
acy. You are allowed to use numerical meth‐
ods.
8. JET ſOUND (8 points) — Teo Kai Wen, Jaan
Kalda. A fighter jet flies past a ground ob‐
server along a straight horizontal line at con‐
stant supersonic velocity, passing at closest‐
approach distance d. The jet’s Mach num‐
ber is M = v/c > 1, where v is the speed
of the jet and c is the speed of sound. The
air is at rest. The observer records the sound
as a spectrogram (intensity colour‐coded as a
function of frequency and time; blackmeans
silence), shown below.
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i) (2 points) Explain, qualitatively, the fea‐
tures seen in the spectrogram.
ii) (3 points) From the spectrogram, find the

Mach numberM .
iii) (3 points) Find the closest‐approach dis‐
tance d given that c = 340 m

s .

9. CO2 FıRE EXTıNGUıſHER (8 points) —
Jaan Kalda. A fire extinguisher contains li‐
quid CO2 in equilibrium with its saturated
vapour at room temperature T0 = 298 K.
Consider two scenarios: (a) the container is
held upside‐down so that the liquid phase
flows to the nozzle; (b) it is held upright
so that the saturated vapour flows to the
nozzle. The nozzle has the shape of a
converging–diverging channel (see figure),
and the flow through it can be modelled as
reversible and adiabatic. Atmospheric pres‐
sure is patm = 1.0 × 105 Pa; the CO2 triple
point is at (Tt, pt) = (216.6 K, 0.518 MPa).
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i) (1.5 points) Identify the phase or phases
present and their temperature in the stream
emerging from the nozzle.
ii) (3.5 points) Find the mass fraction x of
solid CO2 in the stream for both scenarios.
iii) (3 points) Now consider an arbitrary
pure substance in equilibrium with its sat‐
urated vapour at temperature T , and sup‐
pose that only the vapour (not the liquid) es‐
capes through a nozzle, undergoing revers‐
ible adiabatic expansion. Under what con‐

dition on the vaporisation latent heat L (per
unit mass), the isobaric specific heat of the
vapour cp, and the temperature T does a frac‐
tion of the escaping vapour condense into
droplets, even for a vanishingly small pres‐
sure drop? Does condensation occur for wa‐
ter vapour at T = 373 K (L ≈ 2260 kJ

kg , cp ≈
2.0 kJ

kg · K )?

10. BALL MAGNET (10 points) — Jaan Kalda.
Tools: ball‐shaped neodymium magnet of
diameter d = 10 mm with remanence Br =
1.2 T, density ρM ≈ 7500 kg

m3 ; stand; per‐
manent marker; ruler; measuring tape; flat
iron disk; square wooden plate with an iron
pin inserted at one side; flat wooden plate
with guiding rails and non‐slipping surface
between them; piece of titanium of diameter
2.4 mm and length 3.4 mm fixed to a string.
Density of titanium ρTi ≈ 4500 kg

m3 .

A uniformlymagnetised sphere produces
an external field identical to that of a
point magnetic dipole with a moment µ =
4
3πR

3Br/µ0, where R is the sphere’s radius.
Along the axis of a dipole, B⃗ = µ0µ⃗/(2πr

3),
where r is the distance from the dipole.
The dipole moment of the Earth is pointing
southwards.

Warning: measure as far as possible from
iron objects (table frames, chairs), which
strongly perturb the geomagnetic field.
i) (2 points)Find the direction of the magnet‐
isation of the magnet: mark on its surface a
dot at the point where the straight magnetic
field line exits, and a cross where it enters.
Before leaving the room, give themagnet with the
markings to the invigilator.
ii) (4 points)Find themagnitude of the Earth’s
magnetic field |B⃗E| at the laboratory location.
iii) (4 points)Titanium is a paramagnetic ma‐
terial with magnetic susceptibility χ ≪ 1.
A small sample of volume V in an inhomo‐
geneous field B⃗(r⃗) experiences a force F⃗ =
1
2 (χV /µ0) gradB2 (‘grad’ denotes derivative
in the direction of greatest change). Find χ
for the supplied titanium wire piece.
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Practicalities for moderation. When you
are called to the moderation table to dis‐
cuss your request with the graders, bring an
item‐by‐item breakdown of the points you
are claiming, following the detailed grading
scheme— e.g., for P9 part (i): 0.5+0.2+0.1+
0+0 = 0.8 out of 0.5+0.2+0.3+0.3+0.2 =
1.5. Without this breakdown, the modera‐
tion discussion will not proceed.
1. MOVıNGLENſ (6points)— Solution by Eppu
Leinonen.
i) (2 points) Let Γ denote the circle traced by
the lens centre. A light ray fromP that passes
through the lens centre O is undeflected, so
it continues straight through to the image of
P at that instant. As O moves around Γ, the
undeflected ray through P and O sweeps a
family of lines through P , and its intersec‐
tion with the image curve P ′ gives the cur‐
rent image. The extreme angular positions of
this sweep correspond to O being at the tan‐
gent points of Γ as seen from P — that is, the
lines from P that are tangent to Γ. At these
extreme instants the corresponding image
point on P ′ is where the line from P is tan‐
gent to the curve P ′.

Hence: from P , draw the two lines tan‐
gent to curve P ′ — call them ℓP1 , ℓ

P
2 , with

pointA andB on curve P ′. They are tangent
to Γ. Repeat from Q, drawing two lines tan‐
gent to Q′ — call them ℓQ1 , ℓ

Q
2 with points C

andD on curveQ′. These are also tangent to
Γ. Four tangent lines determine the circle Γ:
for instance, the centre of Γ lies at the inter‐
section of the angle bisectors of any two pairs
of these tangents (since each bisector is the
locus of points equidistant from two lines).
Project this centre perpendicularly onto any
tangent to get the radius, and draw Γ.
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Grading:
• Recognising that a ray from P through the
lens centre O is undeflected 0.2pts

• Recognising that the tangents from P to
curve P ′ are tangent to Γ 0.8pts

• Correct detailed construction idea of Γ
[from (at least three of) the four tangent
lines] 0.5pts

• Correctly performed construction (i.e.
constructed circle on paper is close to
the actual circle) 0.5pts
– Only given if the construction corres‐

ponds to a correct idea
– It is important that the circle intersects

P ′ and not Q′

ii) (4 points)Fix any pointO onΓ. It is enough
to find one other point on the lens to draw
the lens plane at this position. For this, we
aim to identify the images of P andQ for this
chosen point for the centre of the lens.

Draw the line throughP andO; it extends
to intersect curve P ′ possibly at two points.
The intersection corresponding to the loca‐
tion O of the lens needs to be determined.
Using continuity and the reality of images: as
O moves continuously around Γ, the image
moves continuously on P ′, and the tangent‐
correspondence from (i) matches regions of
Γ with regions of P ′. (Moreover, near an in‐
tersection of P ′ with Γ, the corresponding O
must be the far intersection of line PO with
Γ— the near intersectionwould place the ob‐
ject within the focal region, making the im‐
age virtual.) This resolves the ambiguity and
identifies P ⋆ ∈ P ′ as the current image of
P . For Q, the above identification proced‐
ure doesn’t work as it does not intersectΓ and
thus intersection with the focal region (a pri‐
ori we do not know the focal length) is not
guaranteed. Therefore, it is convenient to

pick pointO to be such thatQO is tangent to
Q′ in which case there is only one valid point
(C orD). In the figure,O is chosen such that
QO is QD, then P ⋆ is the closer intersection
of PO with P ′.

Now we have: object P imaged to P ⋆,
object Q imaged to D, through a lens with
centre at O. With two objects and their real
images under a converging lens, the lens can
be reconstructed. Suppose a light ray starts
from P toward Q. Then, as P ⋆ and D are
the images of P andQ (and the lens is ideal),
the raymust refract from the lens to form the
line P ⋆D. Therefore the lines PQ and P ⋆D
intersect at the lens plane plane, identifying
another point of the lens plane E. Thus OE
is the lens plane at themoment of time when
the centre of the lens is at O and is thus par‐
allel to the lens plane at all moments in time.
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Grading:
• Idea: selecting a specific O and intend‐
ing to find its image pair to locate the lens
plane 0.5pts

• Correct argument that the image points
and object points are enough to find the
lens plane (eg. analysing PQ as a ray that
refracts to a line through the image points)

0.5pts
• Justification for the correspondence
between regions of Γ and an image curve
(P ′ or Q′) 1pts
– Uses continuity of motion (to split image

curve into regions corresponding to re‐
gions in Γ′) 0.5pts
* Given only if it is explicitly mentioned

or implicitly used in correct reasoning
to relate a point on Γ to its unique real
image in a non‐trivial case

– Uses correct reasoning to relate a point

on Γ to its unique real image 0.5pts
• Identifying the correct image point on P ′

(or Q′, non‐trivial case) 1pts
– Correct point with no or weak justifica‐

tion 0.5pts
• Choosing pointO such that the image onQ′

(or P ′) is at the tangent (alternatively, a cor‐
rect argument for finding the correct point
on the other image curveQ′ (or P ′)) 0.5pts
– This point is given for finding the point

on the other curve (in relation to items
3 and 4) with justification. Alternatively
if student only has identified one point
on one curve with just tangency, give 0.5
points for this and nothing for items 3
and 4.

• Correctly performed construction (consist‐
ent with detailed steps to a correct con‐
struction) 0.5pts
NB!Due to in accurately drawndiagrams,

it can seem like that there is a lens positionO
where Q will image to the intersection of Q′

and P to one of its tangents P ′. In this case
identifying points P ′ andQ′ will in total give
2points (instead of 1.5points)which replaces
items 3–5 in the above scheme. In addition
‐0.5 points will be given for an inaccurately
drawn diagram. I.e. in this case maximum
of points is 3.
Grading (replaces items 3–5)
• Finding O with two trivial points 2pts
• No points for correctly performed con‐
struction (due to inaccuracy)
Solution 2. This problem can also be

solved using the lens formula. Namely, take
the tangent lines (or if any two line for which
you know how to identify the points). Take
the angle between these lines φ and the
angles α and β at which the optical axis
(perpendicular to the lens) intersects these.
From basic geometry φ = α+ β (exact equa‐
tion depends on the definitions). Now the
lens positions O1 and O2 relevant, will split
the lines in lengths a and b for one line and
c and d for one line. Then the lens equa‐
tion states 1/f = 1/(a cosα) + 1/(b cosα) =
1/(c cosβ) + 1/(d cosβ) (whether or not it is
cosine or sine depends on the definitions).
Now we have two equations and two un‐
knowns. Thusα (or β) can be solved and thus
a parallel line drawn with a protractor.



Grading:
• Image points identified correctly (either
trivial or non‐trivial with justification) 0.5

• Lens formulawrittenwith respect tomeas‐
ured lengths (projected correctly) 0.5

• Angle/direction solved correctly (all or
nothing) 2.5

• Correctly performed constructions (angles
match) (only given for correctly calculated
angle) 0.5

2. LıſſAȷOUſ BRıDGE (6 points) — Solution by
Jaan Kalda. Set VE = 0 and VA = V (phasor).
Consider the RC branch: since R1 and C
carry the same current, their voltages are in
the impedance ratioZC/ZR1

= 1/(iωR1C) =
−i/(ωR1C). The factor −i is a 90° clock­
wise rotation in the phasor plane, so VBE is
VAB rotated 90° clockwise — in particular,
VAB ⊥ VBE, and VB lies in the lower half‐
plane (ImVB < 0).

For the RL branch, ZL/ZR2 = iωL/R2:
the factor i is a 90° counterclockwise rotation,
so VDE is VAD rotated 90° counterclockwise,
giving VAD ⊥ VDE and VD in the upper half‐
plane (ImVD > 0).

By Thales’ theorem applied to each
branch, both VB and VD lie on the circle
of diameter AE (centre V /2, radius V /2), on
opposite semicircles.
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The oscilloscope displays VPB on x and
VPD on y; the Lissajous figure degenerates to
a linewhen these phasors are parallel or anti‐
parallel — equivalently, when P , B, D are
collinear in the phasor plane. Since VB and
VD are on opposite sides of the real axis, and
VP is real (a fraction of V ), VP lies between

them on the line, so VPB and VPD are anti‐
parallel. Hence the displayed line has negat‐
ive slope and

| tanα| = |VPD|
|VPB |

.

The potentiometer is split 1:2 from left to
right; depending on the orientation this gives
VP = V /3 or VP = 2V /3. The power of point
P with respect to the Thales circle,

pow(P ) = VP (VP − V ),

takes the value−2V 2/9 in both cases (by sym‐
metry of the quadratic about VP = V /2).
Since P is inside the circle and the lineBPD
cuts it at two points,

|PB| · |PD| = |pow(P )| = 2V 2

9
.

Combining with | tanα| = |VPD|/|VPB |:

|VPB |2| tanα| = 2V 2

9
,

|VPB | =
V

3

√
2

| tanα|
.

Grading: (6 points total)
• Showing that VAB ⊥ VBE 0.5pts
• Showing that VAD ⊥ VDE 0.5pts
• Correctly identifying that VB lies in the
lower half‐plane (ImVB < 0) (ImVB > 0
if VA = 0) 0.3pts

• Correctly identifying that VD lies in the up‐
per half‐plane (ImVD > 0) (ImVD < 0 if
VA = 0) 0.3pts

• Identifying that VB lies on a circle withAE
as a chord 0.3pts

• Identifying that VD lies on a circle withAE
as a chord 0.3pts

• IdentifyingAE as the diameter of the (com‐
mon) circle 0.3pts

• Recognising that Lissajous degeneracy re‐
quires B, P , D collinear in the phasor
plane 1.5pts

• Applying power of a point at VP to get |PB|·
|PD| = 2V 2/9 1.0pts

• Correctly relating | tanα| to the voltage
amplitude ratio |VPD|/|VPB | (only if phas‐
ors considered) 0.5pts

• Combining with the power‐of‐a‐point res‐
ult to obtain the final answer 0.5pts

Since the condition the line segment makes an
angleαwith the x­axis could be understood in
different ways, we did not deduct marks for
failing to realize that the slope is negative or
using tanα without absolute value.

Alternative solution (pure algeb‐
raic/impedance method, for students who
do not spot the Thales circle). Ground node
E and write VA = V . The voltage dividers at
B andD give

VB =
V

1 + iωR1C
, VD =

V

1− iR2/(ωL)
,

and the resistive slider gives VP = 2V /3
(or V /3; the answer is insensitive to this
choice). Introduce dimensionless paramet‐
ers u = ωR1C and w = R2/(ωL), so that

VB =
V (1− iu)
1 + u2

, VD =
V (1 + iw)
1 + w2

.

Taking VP = 2V /3, write VPB/V = XB+ iYB

and VPD/V = XD + iYD:

XB =
2u2 − 1

3(1 + u2)
, YB =

u

1 + u2
,

XD =
2w2 − 1

3(1 + w2)
, YD = − w

1 + w2
.

The Lissajous curve degenerates to a line iff
VPB/VPD is real, i.e., XBYD − YBXD = 0.
Substituting and simplifying yields

(u+ w)(2uw − 1) = 0,

so (since u,w > 0) the bridge condition is
uw = 1/2, i.e., R1R2C = L/2. The slope
of the displayed line equals the ratio of the
phasors (both now real), conveniently com‐
puted from imaginary parts:

tanα =
YD

YB
= −w(1 + u2)

u(1 + w2)
.

Substituting w = 1/(2u) gives

tanα = −2(1 + u2)

1 + 4u2
, so

1 + 4u2

1 + u2
=

2

| tanα|
.

(†)

The amplitude between B and P follows
fromX2

B + Y 2
B:

|VPB |2

V 2
=

(2u2 − 1)2 + 9u2

9(1 + u2)2

=
(4u2 + 1)(1 + u2)

9(1 + u2)2
=

4u2 + 1

9(1 + u2)
.

Using (†):

|VPB | =
V

3

√
4u2 + 1

1 + u2
=

V

3

√
2

| tanα|
.

Grading (alternative solution): 6 points
total
• Correctly computing VB as a phasor 0.5pts
• Correctly computing VD as a phasor 0.5pts
• Identifying VP = 2V /3 (or V /3) 0.3pts
• Expressing VPB/V and VPD/V in the form
X + iY with explicit real and imaginary
parts 0.5pts

• Recognising that the Lissajous curve de‐
generates to a line iff VPB/VPD is real (i.e.,
XBYD − YBXD = 0, or equivalent condi‐
tion) 0.7pts

• Correctly deriving the bridge condition
R1R2C = L/2 (equivalently uw = 1/2)
0.5pts

• Expressing tanα in terms of u and w (or
equivalent parameters) 0.5pts

• Substituting the bridge condition to write
tanα as a function of u alone 0.5pts

• Correctly computing |VPB |2 in terms of u
(before factoring) 0.7pts

• Recognising the factoring 4u4 + 5u2 + 1 =
(4u2 + 1)(1 + u2) that simplifies |VPB |2
0.8pts

• Eliminating u using the tanα expression
0.3pts

• Obtaining the final answer |VPB | =

(V /3)
√
2/| tanα| 0.2pts

Students who reach the correct final form via
either route receive full credit. Algebraic er‐
rors may lose the corresponding stage points
but could retain partial credit if the overall
structure is right.
3. KıRıLL ON A ſWıNG (8 points) — Solution
by Kaarel Hänni.
i) (1.5 points)Starting at the bottomwith |ω| =
ω0, Kirill (standing, radius a) swings up; |ω|



falls smoothly to 0 at the turning point, after
a quarter‐period Ta/4 = (π/2)

√
a/g. At the

turning point Kirill squats (radius a → b, no
effect on the plot since ω = 0). Swinging
backwhile squatting, |ω| rises smoothly from
0 to η1 (see part c; η1 = ω0

√
a/b < ω0) after

a quarter‐period Tb/4 = (π/2)
√
b/g, which

is longer than the first since b > a. At the
bottom Kirill stands up: |ω| jumps from η1
to ω1 = η1(b/a)

2 = ω0(b/a)
3/2 > ω0. The

second half of the period repeats the pattern
with new amplitudes ω1, η2 = ω1

√
a/b > ω0,

ω2 = ω0(b/a)
3.

The sketch should therefore show:
• smooth arches during swinging, cusps at
the bottom (jumps) and smoothness at
turning points;

• the “squatting” arches taking longer than
the “standing” ones;

• growth of successive peaks.
Part (i): Angular speed vs time, first full

period.

t

|ω|

ω0

squat stand‐up squat stand‐up

standing (r = a)squatting (r = b)

Part (i) — qualitative sketch of |ω| (or signed ω)
vs t:
• Approximately sinusoidal arcs between
jumps 0.3pts

• Instantaneous jumps at the maximum val‐
ues of ω (at the bottom of the swing, during
stand‐up) 0.6pts

• Smaller amplitude during “squatting”
arches, or equivalently a longer quarter‐
period while r = b 0.3pts

• Overall growth of peak ω over the period
0.3pts

A sketch of signedω (rather than |ω|) receives
full credit if the curve correctly corresponds
to the axis labels and all other qualitative
features are preserved. Failure to correctly

mark |ω|, where necessary, deducts 0.5pts.
The same goes for not completing the full
period of the first swing.
ii) (2 points)The trajectory in the (α, ω) plane
pieces together arcs of pendulum‐like phase
curves at two radii, a and b. Each half‐
swing traces an arc of the energy conserva‐
tion curve for the relevant radius. Stand‐
ups at α = 0 appear as vertical segments
where |ω| jumps from ηi to ωi = ηi(b/a)

2.
Squats at the turning points (ω = 0) appear
as smooth transitions (the radius‐a arcmeets
the radius‐b arc tangentially at ω = 0).

The motion is an outward spiral: each
full cycle brings Kirill back to α = 0 with
a larger |ω|. When ω at the bottom (stand‐
ing, radius a) first exceeds ωmin = 2

√
g/a,

the next upward arc does not close: it reaches
α = π with ω > 0 and continues past the top.
This is the open curve on the sketch. Part
(ii): Phase diagram (ω vsφ), first three half‐
swings.

φ

ω

π−π

ω0

goes over

r = a
r = b

stand‐up

Key features for grading:
• lens‐shaped/pendulum‐like arcs (not el‐
lipses);

• vertical line segments only at α = 0 (stand‐
ups), smooth meeting at turning points
(squats);

• spiral grows outward;
• final open curve goes over the topwithnon‐
zero ω.

Failure to use the phase diagram of angular
velocity and angle, deducts 0.5pts from the
sum of part ii).

The number of spiral loops is not required to
match the actual answerN computed in part
(c).

Part (ii) — qualitative sketch of phase dia­
gram ω vs φ:
• Elliptical arcs for small‐amplitude (early)
cycles, with standing arcs (r = a) visibly
taller (steeper inω) than squatting arcs (r =
b) 0.5pts

• Trajectory passes continuously through the
turning points (ω = 0): no jump at max‐
imum |φ| 0.3pts

• Vertical jumps at φ = 0 (during stand‐up
at the bottom): ω jumps by factor (b/a)2

0.4pts
• Overall growth: each successive cycle en‐
closes the previous one, spiralling outward

0.4pts
• Final half‐cycle goes over the top — traject‐
ory crosses φ = ±π with ω still nonzero (no
turning point on this segment) 0.4pts

iii) (4.5 points) Growth factor per stand‐up.
Let ωi denote the angular velocity just after
the i‐th stand‐up (at the bottom, standing, ra‐
dius a); let ηi denote the angular velocity just
before that stand‐up (at the bottom, squat‐
ting, radius b).

Energy conservation on the way up
(standing, radius a) to turning point at angle
α:
1
2 (ωia)

2 = ga(1−cosα) =⇒ ω2
i a = 2g(1−cosα).

At the turning point ω = 0, so the squat
(a → b) leaves α and ω unchanged. Swinging
back down (squatting, radius b):

1
2 (ηi+1b)

2 = gb(1− cosα)
=⇒ η2i+1b = 2g(1− cosα).

Equating: ηi+1 = ωi

√
a/b. The stand‐up is a

purely radial motion, so angular momentum
about the pivot is conserved: ηi+1b

2 =
ωi+1a

2, whence

ωi+1

ωi
=

√
a

b
· b

2

a2
=

(
b

a

)3/2

.

After N stand‐ups, ωN = ω0(b/a)
3N/2.

Minimum angular velocity for a loop.
The rods are rigid, so the condition for reach‐
ing the top is simply that the kinetic energy

at the bottom suffice to raise Kirill by 2a:

1
2 (ωmina)

2 = 2ga =⇒ ωmin = 2
√
g/a.

Counting. Kirill first loops over when
ωN ≥ ωmin, i.e.

N ≥ 2

3

ln(ωmin/ω0)

ln(b/a) .

Numerical evaluation. With a = 2.5 m,
b = 3.0m, ω0 = 1.0 rad/s, g = 10m/s2:

b/a = 1.2, (b/a)3/2 ≈ 1.3145,

ωmin = 2
√
10/2.5 = 4 rad/s,

N ≥ 2

3

ln 4

ln 1.2
=

2

3
· 1.386

0.1823
≈ 5.07

=⇒ N = 6 .

Check: ω5 = 1.27.5 ≈ 3.93 rad/s (just short);
ω6 = 1.29 ≈ 5.16 rad/s (exceeds ωmin). So Kir‐
ill loops over on the swing‐up following his
sixth stand‐up.

Grading (part c):
• Angular momentum conservation during
the stand‐up 0.7pts

• Energy conservation during the swing
0.7pts

• Growth factor (b/a)3/2 per stand‐up 0.7pts
• Minimum angular velocity ω2

min = 4g/a for
the rigid‐rod swing to loop over the top
0.8pts

• Correct inequality for the over‐the‐top con‐
dition (ωN ≥ ωmin after the N th stand‐up)
0.4pts

• Solving the inequality for N using the
growth law ωN = ω0(b/a)

3N/2, yielding
N ≥ log[4g/(aω2

0)]/[3 log(b/a)] 0.7pts
• Numerical answer N = 6 0.5pts
4. ROD AND BEAD (8 points) — Solutions
by Eero Ristolainen, Eppu Leinonen, and Jaan
Kalda.
i) (1 point) Solution 1 by Eero Ristolainen: The
bead must pass through the origin (rotation
axis). Otherwise, the bead would stay on
”one side of the rod” and thus at the lowest
point of the trajectory the force exerted by
the rod couldn’t be entirely vertical and thus
it couldn’t be the lowest point. Hence, the



beadmust pass through the origin at the low‐
est point of the trajectory which corresponds
to the rod being horizontal. This is enough to
make a sketch: the path is a circle of radius
R centred at (0, R).

x

y

Solution 2: The plot can be made also
from solution 4 of part ii.
• Correct sketch 1pts

– Otherwise correct sketch without axis
0.5pts.

ii) (1 point)
Solution 1 by EppuLeinonen: The bead’s ve‐

locity normal to the rod has to be the same
as the rod’s velocity at that point for the bead
to stay on the rod. At the topmost point the
bead has no radial velocity. Thus, at the top‐
most point v = 2Rω. On the other hand, at
the topmost point a = g (from Newton’s law)
and from centripetal acceleration a = v2/R
we can solve R = g/(4ω2).

Solution 2 by Eero Ristolainen, Eppu
Leinonen: The circular motion must be uni‐
form as the rod performs uniform circular
motion. A straight forward formal proof for
the this follows from the inscribed angle the‐
orem. The angle of the bead measured from
the centre of the rod is twice the angle meas‐
ured from the origin at the circumference of
the circle. The latter changes with speed ω
as the corresponding straight line is the rod,
thus the former must be 2ω. Thus the cent‐
ripetal acceleration on the bead is a = v2

R . At
the topmost point, the speed is 2Rω and the
acceleration is only due to gravity and is g.
Thus R = g/(4ω2).

Grading (solutions 1 and 2 or similar):
• Recognises that the normal velocity of the
bead to the rod is the rod’s velocity (impli‐
citly or explicitly) OR a valid argument for
uniform circular motion with 2ω 0.2pts

• v = 2Rω at the topmost point 0.2pts
• At the topmost point a = g 0.2pts
• a = v2/R 0.2pts
• Correct answer 0.2pts

Solution 3 by Eero Ristolainen: The centre
of the motion is (0, R/2) and the angular ve‐
locity is 2ω since the bead performs a circle
on both sides of the rod. Thus the coordin‐
ates of the bead with respect to time are

(R sin(2ωt),R
(
1

2
+ cos(2ωt)

)
) =

(4R sin(ωt) cos(ωt),4R sin(ωt) sin(ωt)) =

(f(t) cos(ωt), f(t) sin(ωt)),

where f(t) = 4R sin(ωt) is the location of
the bead measured from the axis of rotation
(and taking into account the direction). In
the frame of the rod, the equation of motion
is

f̈ = g sin(ωt) + ω2f,

since Coriolis force is perpendicular to the
direction ofmotionwhich is counteracted by
the rod. Substituting the above expression
yields the answer.

Grading:
• A valid argument for uniform circular mo‐
tion with 2ω 0.2pts

• Parametrisation of the circle with respect
to angle (θ) and R 0.2pts

• Correct equation of motion in the rotating
frame 0.2pts

• Explains why Coriolis force doesn’t matter
0.2pts

• Correct answer 0.2pts
Solution 4 by Eppu Leinonen, Eero Ris­

tolainen: Go to the corotating frame of the
rod. Since the bead is moving in this rotating
frame, it experiences a Coriolis force. How‐
ever, it is directed perpendicular to the ve‐
locity which is limited to be along the rod.
Hence, it does not affect the equation of mo‐
tion of the bead and can be ignored. Let r
be the coordinate of the bead along the rod

(with sign determining the direction). Then
the equation of motion along the rod is

r̈ = ω2r − g sin(ωt).

This gives an inhomogeneous second order
linear differential equation

r̈ − ω2r = −g sin(ωt).

The general solution is a sum of the general
solution to the homogenous problem and
any solution to the inhomogeneous problem.
The homogenous solution is

rh = Aeωt +Be−ωt

A particular solution we can guess by substi‐
tutingC sin(ωt). This gives an equation forC
as 2Cω2 = g and thusC = g/(2ω2). Thus the
general solution is

r =
g

2ω2
sin(ωt) +Aeωt +Be−ωt

which can only be periodic (in finite time) if
A = B = 0, which determines the initial con‐
ditions (which of there are only one) for the
bead to have a circular trajectory. In the lab
frame:

r⃗(t) = r(t) û(t) =
g

2ω2
sinωt (cosωt, sinωt)

=
g

4ω2
(sin 2ωt, 1− cos 2ωt).

This is a circle of radiusR = g/(4ω2) centred
at (0, R) (which gives the solution to part i as
well).

Grading:
• Correct equation of motion in the rotating
frame 0.2pts

• States implicitly or explicitly that the gen‐
eral solution to the differential equation is
the sum of the homogeneous and particu‐
lar solutions 0.2pts

• Correct homogenous solution 0.1pts
• Correct particular solution 0.2pts
• States that homogenous solution corres‐
ponding to periodic motion is 0 0.1pts

• Correct answer 0.2pts
iii) (2 points)Solution 1 by Jaan Kalda, Eero Ris­
tolainen, Eppu Leinonen With the spring, the
equation of motion becomes

r̈ = (ω2 −ω2
0)r− g sinωt, where ω2

0 = k/m.

Stability. Perturbations δr from the periodic
particular solution obey the homogeneous
equation δ̈r = (ω2 − ω2

0)δr. If ω2
0 > ω2 (i.e.,

k > mω2), this is simple harmonic motion
at frequency

√
ω2
0 − ω2 — perturbations re‐

main bounded, orbit is stable. If ω2
0 < ω2,

perturbations grow exponentially— unstable.
The stability criterion is

k > mω2 .

The centrifugal term acts as an effective
destabilising stiffness −mω2, and the spring
must overcome it.

As in solution 2 to part ii, we again look
at the topmost point of the trajectory. The
velocity is again v = 2Rω, but now the accel‐
eration is a = g+2Rk. Solving this givesR =

mg
2(2mω2−k) . In the case the radius becomes
negative, the circular trajectory simply ap‐
pears below the origin, so we can take the
magnitude of the radius above, giving the fi‐
nal result:

R =
mg

2 | 2mω2 − k |
.

.
Grading:

• Equation of motion including the spring
0.2pts

• Idea of looking at (small) displacements to
analyse stability 0.3pts

• Identifying the homogeneous equation
governing perturbations 0.5pts

• Correct stability criterion k > mω2 0.3pts
• Correct equations for the acceleration and
velocity at the top of the trajectory 0.5pts

• Correct radius formula R = mg/[2|2mω2 −
k|] 0.2pts
Solution 2 by Jaan Kalda (for finding the ra­

dius) The particular solution is again (as in
solution 4 to part ii) rp = A′ sinωt:

− ω2A′ = (ω2 − ω2
0)A

′ − g

⇒ A′ =
g

2ω2 − ω2
0

=
mg

2mω2 − k
.

The corresponding lab‐frame orbit is, as in
(b), a circle of radius |A′|/2, giving the res‐
ult as in solution 1. For mω2 < k < 2mω2



the amplitudeA′ is positive and the circle sits
above the axis (as in parts a, b); at k = 2mω2

the driven amplitude diverges (driving reson‐
ance — the bounded circular orbit ceases to
exist); for k > 2mω2 the amplitude is negat‐
ive,meaning the circle flips to below the axis,
but remains stable. Grading:
• Solving for particular‐solution amplitude
A′ 0.5pts

• Correct radius formula R = mg/[2|2mω2 −
k|] 0.2pts
Solution 2 by Eppu Leinonen Alternatively

following solution 4 of part ii, the general
solution to this differential equation can be
found. However, now the homogenous solu‐
tion is sum of real exponentials if ω2−ω2

0 > 0
which is unstable and a sum of sinusoid if
ω2 −ω2

0 < 0which is stable. Then the partic‐
ular solution can be guessed the sameway as
in the solution above.
iv) (4 points) Solution by Eero Ristolainen and
Eppu Leinonen

Now the equation of motion in the frame
of the rod is:

f̈ = g sin(ωt) + aE sin((Ω− ω)t+ ϕ) + ω2f.

Let uswriteΩ′ = Ω−ω as the angular velocity
of the electric field in the frame of the rod.
From the figure we see that f(t) is a sum of
twoperiodic components f(t) = f1(t)+f2(t).
Furthermore, the linearity of the differential
equation gives us that

f̈1 − ω2f1 = g sin(ωt)
f̈2 − ω2f2 = aE sin(Ω′t+ ϕ).

The first one is fulfilled by the exact same
solution as before (deduced the same way
as in solution 2 of part), f1 = g

2ω2 sin(ωt).
We guess the second solution to be of the
form f2 = A sin(Ω′t+ ϕ), which gives A =
aE/(Ω

′2 + ω2).
We see that the solution is periodic. Let

this period be Tf . Then we must have that
Tf = nTf1 = pTf2 with some positive in‐
tegers n and pwhere Tf1 and Tf2 are the peri‐
ods of f1 and f2 respectively. We notice that
the figure is almost symmetric with respect
to x‐axis, which is a huge deviation from the
solution with just f1. Thus the amplitude of

f2 must dominate the one of f1. Therefore,
the sign changes changes of f2 corresponds
to the loops in the figure which there are 8
of. Since the sine function has changes sign
twice in a period, we get 4Tf2 = Tf = nTf1 .

For the motion to reach the same ray
(from origin, an example dashed in the fig‐
ure below) twice, it takes time Tf1/2 (the rod
has made half a turn). From the graph, we
can read that in time ≈ 3Tf2/4 (red + blue)
the bead travels less distance than in Tf1
(red+blue+orange). Similarly in time ≈ Tf2
(red + blue + orange + the rest of the black
to the horizontal axis) the bead travels more
than in Tf1 (red + blue + orange).

Thus we get the following inequalities

4

3
Tf1 > Tf2 > Tf1 ,

which gives

4

3
>

n

4
> 1

for which n = 5 is the only solution. I.e. we
get

Ω′ =
4

5
ω ⇐⇒ Ω =

9

5
ω.

(This can also be recovered from there being
4 loops corresponding to 5 y‐intercepts cor‐
responding to the rod being vertical. This
automatically gives Ω′ = 4/5ω.)

The symmetry with respect to reflection
along the y‐axis in the figure (the trajectory
is parallel to the x‐axis at the extremal points
on the y‐axis) dictates that the electric field
must point vertically when the bead is on the
extremal points on the y‐axis. Thus, the cor‐
responding displacements along these ex‐
tremal y‐points must align constructively or
destructively. I.e. the top‐most |f |t and
bottom‐most |f |b distances from the origin
correspond to the cases

|f |b =
aE

ω2 +Ω′2 − g

2ω2

|f |t =
aE

ω2 +Ω′2 +
g

2ω2
.

(The formal justification is that at these ex‐
tremal points ḟ1 + ḟ2 = 0 and both contribu‐
tions are proportional to a sinusoid, thus f̈1
and f̈2 are ”orthogonal” at the same points.
Thus, as gravity is parallel to the rod we have
f̈2 is at its extremum and thus ḟ1 = 0. Thus
ḟ2 = 0 and thus contribution from f̈2 has
to be at its extremum. This implies that the
electric field points parallel or anti parallel
to the rod at these extremal points. Now
f1,f2 ∝ f̈1, f2 (due to both being orthogonal
to ḟ1,ḟ2) and thus at these extremal points
on the y‐axis, we have |f |b = |f2| − |f1| and
|f |t = |f2|+ |f1|.)

Measuring

|f |b ≈ 2.8d

|f |t ≈ 3.3d

and solving gives

g =
dω2

2

aE = 5dω2

Grading:
• Equation of motion including the electric
field 0.1pts

• Writing f(t) = f1(t) + f2(t) 0.1pts
• Deducing f1 = g

2ω2 sin(ωt) 0.2pts
• Guessing f2 = A sin(Ω′t+ ϕ) 0.2pts
• Finding A = aE/(Ω

′2 + ω2) 0.2pts
• Realising f2 dominateswith proper reason‐
ing 0.5pts

• Noting periodicity 0.2pts
• Tf = nTf1 = pTf2 0.2pts
• Finding a restrictive enough inequality for
n (or p) from the figure (or any other pro‐
cedure that works for finding n) 0.8pts

– For a correct idea (in case it is ex‐
ecuted wrong) 0.2pts

• n = 5 0.1pts
• Ω = 9

5ω 0.2pts
• Deducingwith reasonable explanation that
electric field points along the y‐axis when
bead reaches extremal y 0.5pts

• Writing |f |b and |f |t as the difference/sum
of the f1 and f2 amplitudes 0.3pts

• Solving for g and aE 0.1pts
• g ≈ dω2/2 and aE ≈ 5dω2 0.3pts
– 0.1pt for one correct.
– g ∈ [0.30,0.70]dω2, aE ∈ [4.8,5.2]dω2

5. SATURATıON PREſſURE OF WATER
(8 points) — Solution by Eero Uustalu. If
the pressure above a liquid is reduced be‐
low its saturated vapour pressure, the liquid
starts to boil. We use this to measure psat
indirectly.

Main idea. Use a sealed air bubble as a
manometer. If we can trap a small air bubble
somewhere in the tube, note its initial length
l0 under atmospheric pressure, and then re‐
duce the pressure in the bubble, the bubble’s
length grows. Since the tube’s cross‐section
is uniform, the bubble’s pressure is determ‐
ined by the ideal gas law (isothermal expan‐
sion):

pbubble = patm · l0
l1
.

If we reduce the air bubble’s pressure by
pulling on the syringe plunger, dodecane
carries the reduced pressure from the air
bubble back through the tube to the water–
dodecane interface inside the syringe. Once
the pressure there drops to psat, water va‐
pour starts forming bubbles at the interface,
which grow and coalesce. At that point,
pulling the syringe further no longer reduces
the air bubble’s pressure: any further pres‐
sure drop is immediately compensated by ad‐
ditional vapour evaporating at the interface.
So once the air bubble stops growing in re‐
sponse to syringe pulling, we have pbubble =
psat (plus a small hydrostatic correction if the
tube is not laid horizontally; see below).



Why dodecane? The role of dodecane is
to act as an incompressible, non‐volatile pis‐
ton between the syringe and the air bubble.
Dodecane is hydrophobic, does not dissolve
in water, and has negligible vapour pressure
at room temperature (as stated in the prob‐
lem). It is also lighter than water, so water
stays below dodecane in any at‐rest configur‐
ation.

The problem warns that water must not
touch the inner surface of the tube, be‐
cause traces of water get adsorbed onto the
plastic wall. When the pressure in the tube
is then reduced below psat, these adsorbed
traces boil off, forming a series of small
bubbles distributed along the tube. Each
such bubble also expands during the meas‐
urement, adding uncontrolled volume to the
gas column and distorting the l0‐to‐l1 ratio.
By filling the tubewith dodecane before intro‐
ducing any water, the inner surface is pre‐
wetted with a hydrophobic liquid that ex‐
cludes water from the wall.

Design. The tubemust contain dodecane
filling it from the syringe end up to a small
air bubble of initial length l0 ≈ 15 mm at
the far end (closed by the metal pin). Wa‐
ter sits in the syringe itself, not in the tube.
The air bubble cannot be too small (initial
length reading becomes imprecise) nor too
large: during themeasurement it expands by
a factor of ≈ 40 (since patm/psat ≈ 101/2.6 ≈
39 at room temperature), so an initial bubble
of 15 mm expands to ≈ 0.6 m, comfortably
fitting in a 1.5 m tube. Any additional air
bubbles elsewhere in the tube or in the syr‐
inge would also expand during the measure‐
ment, distorting the result or making it im‐
possible to reach psat within the full travel of
the syringe plunger.

Note on orientation: the dodecane
column has density ≈ 750 kg

m3 , so a vertical
1.5 m column of dodecane produces a hydro‐
static pressure difference of ρgh ≈ 11 kPa —
several times larger than the psat ≈ 2.6 kPa
being measured. The tube must therefore be
laid horizontally, otherwise the hydrostatic
correction will dominate the result.

Preparation.
• Connect the syringe to the tube.
• Dip the far end of the tube into the do‐

decane container and pull the syringe
plunger; dodecane fills the tube.

• Lift the far end of the tube out of the do‐
decane and pull in a small amount of air,
forming an air bubble of initial length l0 ≈
15 mm at the far end.

• Close the far endof the tube tightlywith the
metal pin.

• Disconnect the syringe (keeping the plun‐
ger in place so no air enters the syringe
from the open end).

• Pull a small amount of water (∼ 1mL) into
the syringe.

• Reconnect the syringe to the tube (a small
air bubble at the Luer joint is tolerable, but
minimise it).

At this point, from syringe end to far end:
syringe (with water) — water–dodecane in‐
terface near the Luer joint — dodecane filling
the tube — air bubble at the far end — metal
pin closure.

Measurement.
• Lay the tube horizontally to avoid any
hydrostatic correction in the dodecane
column.

• Measure the initial bubble length l0. Re‐
cord the atmospheric pressure patm and the
room temperature Troom from the invigil‐
ator.

• Pull the syringe plunger slowly. The
bubble grows as the pressure drops. Con‐
tinue until the bubble stops growing (the
limit where pbubble = psat). Fix the plunger
at this position.

• Measure the final bubble length l1.
Typical values: l0 ≈ 15 mm, l1 ≈ 400 mm
to 800 mm (depending on room temperature;
at T = 22 ◦C, psat ≈ 2.6 kPa gives l1/l0 ≈
101/2.6 ≈ 39, so l1 ≈ 580 mm).

Calculation. From the ideal gas law at
constant temperature,

psat = patm · l0
l1
.

With l0 = 14.5 mm, l1 = 660 mm, patm =
101 kPa:

psat = 101 · 14.5
660

≈ 2.2 kPa.

Dominant source of systematic error.
Incomplete saturation: it takes time for wa‐

ter to evaporate at the interface inside the
syringe, and if the plunger is pulled too fast,
the pressure temporarily falls below psat (su‐
persaturated vapour). The measured l1 is
then larger than its true equilibrium value,
giving an underestimate of psat. Mitigation:
pull slowly and wait for the bubble to stabil‐
ise before recording l1.

A secondary source is residual air: from
the Luer joint, from air dissolved in the do‐
decane, or fromwater traces adsorbed on the
tube wall (if dodecane pre‐wetting was im‐
perfect). These behave as additional gas in
the air bubble and artificially reduce the ap‐
parent psat. Careful preparation — filling the
tube with dodecane before any water enters,
keeping the water–dodecane interface inside
the syringe, and avoiding air at the Luer joint
— minimises this.

Grading for methods similar to official
solution, thatdon’tneed toknowthepartial
water pressure of the ambient room air. (8
points total)

For methods that require knowing the
partial water pressure of the ambient room
air, look at alternate scheme.

Part (i) — description of procedure and prin­
ciple (2 points).
• Main idea: using the air bubble as a mano‐
meter 0.5pts

• Recognising that pbubble = psat when
the bubble stops growing under syringe
pulling 0.5pts

• Correct role of dodecane: serves as piston;
negligible vapour pressure; prevents water
from wetting tube walls 0.6pts

• Application of the ideal gas law (or equival‐
ent isothermal pressure–volume relation)
to relate initial and final bubble lengths to
pressures 0.4pts
Part (ii) — performing the measurements (4

points).
• Correct tube preparation: dodecane fills
the entire tube, small air bubble at the far
end, water in the syringe 1.0pts

• Correct choice of initial bubble length (ap‐
proximately 10 mm to 20 mm) 0.5pts

• Documentation of preparation steps with a
clear sequence 0.5pts

• Tabulation of the measured quantities l0
and l1 0.8pts

• Recording atmospheric pressure patm and
room temperature Troom 0.2pts

• Slow pulling of the syringe / waiting for sta‐
bilisation 0.6pts

• Tube laid horizontally (or a correction ap‐
plied if vertical) 0.4pts
Part (iii) — determination of psat and system­

atic error (2 points).
• Correct computation of psat from l0, l1, patm

0.4pts
• Result within a factor of 1.5 of the expected
value for the measured Troom 1.2pts

• Otherwise, within a factor of 2 of the expec‐
ted value 0.6pts

• Otherwise, within a factor of 3 of the expec‐
ted value 0.3pts

• Identification of incomplete saturation (or
a comparable dominant systematic source)

0.4pts
(The three tolerance bands are mutually ex‐
clusive: award only the highest band the res‐
ult falls in.)

Grading (methods that depend on
knowing the partial pressure of ambient
water moisture in the room air). (Maxim‐
ally 5.6 points of 8 points total.)

The summary of these solutions is that
they had a ”dry” end of the long tube, with
some dodecane in the middle to act as a pis‐
ton, and the other end of the tube having the
syringe on it, with some water in it. Over
enough time, the water in the syringe will
evaporate (raising the partial pressure of wa‐
ter, from the room’s ambient water vapor
pressure, to the saturated vapor pressure),
moving the dodecane piston towards the dry
end.

If the dry end of the long tube was sealed,
additional assumptions have to be made,
which have to be explicitly justified.

Part (i) — description of procedure and prin­
ciple (2 points).
• Explicitly stating, that the result comes to
be lower than the real saturated vapor pres‐
sure of water, due to the ambient room
air (and as such, the near end of the syr‐
inge where the water evaporates) also hav‐
ing water vapor already in it 1.6pts

• Application of the ideal gas law 0.4pts
Part (ii)—performing themeasurements and



calculating the expressions (max 3.2 out of 4
points).

For the sake of clarity, let’s say that the
room air pressure is p, length from the end of
the dodecane until the (dry) end of the tube
is x, and the volume of the entire half of the
system from the dodecane of the syringe side
to beVTOT. Likewise, the respective newpres‐
sure, length, and volume, after the water va‐
por pressure has reached saturation on the
syringe side, to be pnew, xnew, and VTOT,new.
• expressing psat = p( x

xnew
− 1) if the dry end

is sealed (or psat = p(
VTOT,new
VTOT

− 1) if dry end
is left open) 1pts

• If it’s explicitly stated how/why pnew ≈ p+

psat, due to x
xnew

≫ VTOT,new
VTOT

or something sim‐
ilar. (give automatically if dry end was left
unsealed) 1pts

• Documentation of preparation steps with a
clear sequence 0.3pts

• Recording atmospheric pressure patm and
room temperature Troom 0.2pts

• Waiting for stabilisation 0.3pts
• Tube laid horizontally (or a correction ap‐
plied if vertical) 0.4pts
Part (iii) — determination of systematic er­

ror, sourcing from other than that of the ambient
room’s water vapor pressure (max 0.4 points out
of 2 points).
• Identification of incomplete saturation (or
a comparable dominant systematic source)

0.4pts
6. PULL‐UP BAR ROPE (5 points) — Solution by
Jaan Kalda.
i) (1 point) Place the bar at the origin of a
coordinate system where x is the horizontal
distance from the bar to the weight along the
floor, andH is the height of the bar above the
floor. The length of the bar‐to‐weight rope
segment is

L =
√
x2 +H2, sinα = x/L.

Method 1 (inextensibility / velocity pro‐
jection). Since the rope is inextensible, the
velocity components of its two endpoints
along the rope directionmustmatch: whatever
rate one end recedes from a point on the
rope, the other end must approach it at the
same rate. The puller’s hand pulls the rope

along its owndirection at speed v, so the rope
shortens at rate v. The weight moves hori‐
zontally toward the bar at speed u; its velo‐
city component along the rope (whichmakes
angle α with the vertical, hence angle π

2 − α
with the floor) is u sinα. Equating:

u sinα = v =⇒ u =
v

sinα
.

Method 2 (implicit differentiation). Dif‐
ferentiating L2 = x2 + H2 with respect to
time:

LL̇ = xẋ.

With L̇ = −v (the segment shortens at con‐
stant rate) and sinα = x/L:

ẋ = −Lv

x
= − v

sinα
,

u = |ẋ| = v

sinα
.

Grading (Method 1).
• Recognising that the velocity components
of the rope endpoints along the rope dir‐
ection must match (rope inextensibility)
0.4pts

• Identifying the projection u sinα for the
weight’s velocity along the rope 0.3pts

• Final answer u = v/ sinα 0.3pts
Grading (Method 2).

• SettingupL2 = x2+H2with L̇ = −v 0.3pts
• Correctly differentiating to obtain LL̇ = xẋ

0.4pts
• Final answer u = v/ sinα 0.3pts
ii) (1 point)Method1 (continuing fromLL̇ =

xẋ). Differentiate again, with L̇ = −v con‐
stant (so L̈ = 0):

L̇2 = ẋ2 + xẍ,

ẍ =
v2 − ẋ2

x
=

v2 − u2

x
.

Since u2 > v2, we have ẍ < 0: the weight ac‐
celerates toward the bar. With u = v/ sinα
and x = H tanα:

|ẍ| = u2 − v2

x
=

v2(1− sin2 α)/ sin2 α

H tanα
,

|ẍ| = v2

H
cot3 α .

• Correctly differentiating an incorrect
result from the previous part 0.5pts.

Method 2 (direct differentiation of u =
v/ sinα). The angle α changes in time as
the weight slides; introduce ω = −α̇ (posit‐
ive as α decreases). The weight’s position is
x = H tanα, so its speed is

u = −ẋ = − H

cos2 α α̇ =
Hω

cos2 α.

Combined with u = v/ sinα:

ω =
u cos2 α

H
=

v cos2 α
H sinα

.

Differentiating u = v/ sinα with respect to
time:

u̇ = −v cosα
sin2 α

α̇ =
vω cosα
sin2 α

.

Substituting ω:

|ẍ| = u̇ =
v cosα
sin2 α

· v cos2 α
H sinα

=
v2

H
cot3 α .

Grading (Method 1).
• Differentiating LL̇ = xẋ to obtain ẍ =
(v2 − u2)/x 0.5pts

• Substituting u and x to obtain final answer
a = (v2/H) cot3 α 0.5pts
Grading (Method 2).

• Introducing ω = −α̇ as the angular rate of
the rope direction 0.2pts

• Relating the weight’s speed to ω: u =
Hω/ cos2 α 0.2pts

• Deriving ω = v cos2 α/(H sinα) from u =
v/ sinα 0.2pts

• Differentiating u = v/ sinα to obtain u̇ =
vω cosα/ sin2 α 0.2pts

• Substituting ω and obtaining final answer
a = (v2/H) cot3 α 0.2pts

iii) (3 points)While the weight is on the floor,
the only horizontal force on it is the hori‐
zontal component of the rope tensionT sinα,

directed toward the bar. Newton’s second
law in the horizontal direction:

T sinα = M |ẍ| = Mv2 cos3 α
H sin3 α

,

T =
Mv2 cos3 α
H sin4 α

.

Vertically, T cosα+N = Mg, whereN is the
normal force from the floor. The weight lifts
off when N = 0, i.e., T cosα0 = Mg:

Mv2 cos4 α0

H sin4 α0

= Mg,

tan4 α0 =
v2

gH
,

α0 = arctan 4

√
v2

gH
.

Grading.
• Identifying that the only horizontal force
on the weight is T sinα 0.3pts

• Writing Newton’s second law horizontally:
T sinα = M |ẍ| 0.3pts

• Substituting the expression for |ẍ| from
part (ii) 0.2pts

• Isolating T to obtain T =
Mv2 cos3 α/(H sin4 α) 0.2pts

• Correctly setting up the vertical force bal‐
ance T cosα+N = Mg 0.5pts

• Correct lift‐off condition N = 0, i.e.,
T cosα0 = Mg 0.5pts

• Algebraic manipulation to tan4 α0 =
v2/(gH) 0.5pts

• Final answer α0 = arctan 4
√
v2/(gH)

0.5pts
7. WATER HOſE (5 points) — Solution by Ralf
Robert Paabo and Jaan Kalda.
i) (1.5 points) Solution 1 (direct from the
problem’s drag scales). The problem gives
the laminar drag per unit area as FL ∼ µ v/D
(the velocity gradient at the wall is of order
v/D). The turbulent drag per unit area is
FT ∼ ρv2 (dynamic pressure carried by the
vortices). The dimensionless ratio is

R =
FT

FL
∼ ρv2

µv/D
=

ρvD

µ
.



. Some solutions tried to add numerical
factors, however, it is an impossible task, be‐
cause drag force in turbulent case is chaotic.
Therefore any numerical factor calculated is
useless. However, no points are deducted
unless the factor is very big (> 10). A very
big factor would lead to inaccuracies when
using R to determine flow type.

Solution 2 (dimensional analysis). Look
for R = Ddρrµmvu to be dimensionless.
Mass, length, and time give three equations:

r +m = 0,

d− 3r −m+ u = 0,

−m− u = 0.

Solving: m = −r, u = r, d = r. So R =
(Dvρ/µ)r. This seemingly leaves one degree
of freedom, butµ appears only in the laminar
drag (denominator of FT /FL), so m = −1
and hence r = 1:

R =
ρvD

µ
.

Grading (Solution 1).

• R = FT

FL
∼ ρv2

µdu/dr 0.5pts
• du/dr ∼ v/D 0.5pts
• R = ρvD/µ 0.5pts
• Includes numerical factor > 10 −0.2pts

Grading (Solution 2).
• Setting up R = Ddρrµmvu as dimension‐
less 0.3pts

• Correct system of equations from mass,
length, time dimensions 0.5pts

• Solving the system to obtainR = (Dvρ/µ)r

0.4pts
• Correctly fixing r = 1 by noting µ enters
with power −1 (or by appeal to the stand‐
ard Reynolds‐number form) 0.3pts

ii) (0.5 points)The hose has cross‐section area
πd2/4, so by continuity the mean flow speed
is

v =
Q

πd2/4
=

4Q

πd2
≈ 3.1 m

s .

The Reynolds number is then

R =
ρvd

µ
=

4ρQ

πdµ
≈ 37000.

Since 37000 ≫ 2500, the flow is turbulent.
Grading.

• Computing the mean flow speed v from Q
via continuity 0.2pts

• Correctly evaluating R ≈ 37000 0.2pts
• Concluding turbulent flow on the basis of
the numerical comparison R ≫ 2500
0.1pts

iii) (3 points) The pump’s power P goes into
three reservoirs: gravitational potential en‐
ergy of the lifted water, work against drag in
thehose, and kinetic energy of the exiting jet.
Per unit volume, these are ρgh, ∆pdrag, and
ρv2exit/2. The power balance is therefore

P = Q
(
ρgh+∆pdrag +

1
2ρv

2
exit

)
.

Since the flow is turbulent (part ii), the drag
scales as v2: ∆pdrag = kv2, where k is a con‐
stant for this hose.

Calibration (no nozzle). With no nozzle,
vexit = v0 (the hose‐exit speed from part ii,
v0 ≈ 3.14 m

s ). Then

P = Q
(
ρgh+ kv20 +

1
2ρv

2
0

)
.

Numerically:

ρgh = 1.96 × 105 Pa, 1
2ρv

2
0 = 4.93 × 103 Pa,

P/Q− ρgh− 1
2ρv

2
0 = kv20 ≈ 3.99 × 105 Pa,

k =
3.99 × 105 Pa

v20
≈ 4.04 × 104 Pa · s2

m2 .

With nozzle. The exit area is f times the
hose area; by mass continuity, v′exit = v′/f ,
where v′ is the (new) hose flow speed. Sub‐
stituting into the power balance:

P =
πd2

4
v′
(
ρgh+ kv′2 +

ρv′2

2f2

)
.

This is a cubic in v′.
Dimensionless form. Introduce x =

v′/v0. Each of the three reservoirs in the
unblocked case contributes a fraction of the
total power:

a =
ρgh

ρgh+ kv20 +
1
2ρv

2
0

, b =
kv20

ρgh+ kv20 +
1
2ρv

2
0

,

and c = 1 − a − b. Numerically: a ≈ 0.327,
b ≈ 0.665, c ≈ 0.0082. The power balance
becomes

x
[
a+

(
b+ c

f2

)
x2

]
= 1.

With f = 0.15, c/f2 ≈ 0.364, so b + c/f2 ≈
1.029:

x3+0.318x = 0.972 ⇒ x = (0.972− 0.318x)
1/3

.

Iteration. Starting from x0 = 1 on the
right‐hand side:

x1 = (0.972− 0.318)1/3 = 0.868,

x2 = (0.972− 0.276)1/3 = 0.886,

x3 = (0.972− 0.282)1/3 = 0.884,

x4 = (0.972− 0.281)1/3 = 0.884.

Converged: x ≈ 0.884.
Results.

Q′/Q = v′/v0 = x ≈ 0.88 , so Q′ ≈ 22.1 L
min .

The exit speed is v′exit = v′/f = xv0/f , and
the dirty‐surface excess pressure scales as
ρv2exit/2:

p′excess
pexcess

=
v′2exit
v20

=
x2

f2
=

0.8842

0.152
≈ 35 .

Grading.
• Power balance: gravity term ρgh 0.2pts
• Power balance: drag term∆pdrag 0.2pts
• Power balance: exit kinetic energy term
ρv2exit/2 0.2pts

• Identifying ∆pdrag = kv2 from the
turbulent‐regime scaling 0.3pts

• Calibrating k from the unblocked case: k ≈
4 × 104 Pa · s2

m2 0.3pts
• Mass continuity giving Qm = Q′

m 0.3pts
• v′exit = v′/f 0.2pts
• Updated power balance with the kinetic‐
energy term boosted by 1/f2 0.5pts

• Volumetric flow rate ratio Q′/Q ≈ 0.88
within tolerance (±0.02) 0.4pts

• Formula for excess‐pressure ratio(
v′exit/v0

)2 0.2pts
• Excess‐pressure ratio ≈ 35 within toler‐
ance (±1) 0.2pts

• If accuracy > 1% −0.1pts
8. JET ſOUND (8 points) — Solution by Teo Kai
Wen and Jaan Kalda.
i) (2 points)The spectrogram shows four qual‐
itative features.

(a) Silence before t0. Since sound travels at
a finite pace, it takes some time to hear the
sound (this featurewould also hold for a non‐
supersonic plane).

(b) Broadband spike at t0. An entire inter‐
val of past emissions reaches the observer
simultaneously, forming a shockwave front
— the “boom” — that registers as a short,
strong pressure peak at the sensor and rep‐
resents the superposition of a wide range of
frequencies.

(c) Two simultaneous tones for t > t0.
For each reception time t > t0 (let us set
t = 0), two distinct past emission events 1
and 2 contribute. Suppose the sound from
event 1, emitted at time −t1 from distance
L1, reaches us now. Since the jet is super‐
sonic, there is a second emission — event 2
at a later time −t2, distance L2 from us, sep‐
arated from event 1 by distance L0 along the
trajectory — such that

L0

v
=

L1 − L2

c
,

i.e., the jet’s traversal time from 1 to 2 equals
the sound delay (L1 − L2)/c. Both arrivals
are Doppler‐shifted, but to different degrees:
the sound coming from behind (event 1, jet
far upstream and approaching the observer)
is blue‐shifted (upper ridge), while the sound
coming from ahead (event 2, jet receding
past closest approach) is red‐shifted (lower
ridge).

(d) Ridges decrease in time. Both ridges di‐
verge at the boom (the broadband spike at t0)
and decreasemonotonically afterward, tend‐
ing towardfinite asymptotic values as t → ∞.



obs.

d

jet
at t
v

event 1
(upper)

L1

event 2
(lower)

L2

L0

Grading.
• Silence before t0, explained as the sound
not reachin the receiver yet 0.2pts

• Sonic boom at t0, explained as the shock‐
wave front producing a short broadband
pressure peak 0.5pts

• Associating the changes in frequency with
the Doppler effect 0.2pts

• Explanation of two simultaneous tones for
t > t0, with two emission events reaching
the observer at the same time 0.6pts

• Explanation of ridges diverging at the
boom and tending asymptotically to finite
values as t → ∞ 0.5pts

ii) (3 points) As t → ∞, the jet’s velocity be‐
comes nearly aligned with the line of sight,
so the radial velocity (component along the
line from source to observer) approaches±v.
The classical Doppler formula for a source
moving radially at speed vr relative to a sta‐
tionary observer is

f =
f0

|1± vr/c|
,

with the − sign for an approaching source
(vr > 0, source moving toward observer) and
+ for a receding source. Applied to the two
asymptotic limits with |vr| → v:

f2 =
f0

M − 1
(upper ridge, approaching),

f1 =
f0

M + 1
(lower ridge, receding).

Combining: 1
f1

− 1
f2

= 2
f0

and 1
f1

+ 1
f2

=
2M
f0

, so

f0 =
2f1f2
f2 − f1

, M =
f2 + f1
f2 − f1

.

Reading from the spectrogram: f1 ≈
320 Hz and f2 ≈ 1600 Hz. Therefore

f0 =
2 · 320 · 1600

1280
= 800 Hz,

M =
1920

1280
= 1.5.

Grading.
• Recognising that the radial velocity tends
to ±v in the asymptotic limits 0.5pts

• Correct Doppler formula f = f0/|1± vr/c|
0.5pts

• Asymptotic upper‐ridge value f2 =
f0/(M − 1) 0.2pts

• Asymptotic lower‐ridge value f1 =
f0/(M + 1) 0.2pts

• Reading f1 ∈ [310, 350]Hz and f2 ∈
[1500, 1700]Hz from the spectrogram (0.2p
each) 0.4pts

• Correct symbolic formM = (f2+f1)/(f2−
f1) 0.8pts

• Numerical answerM ∈ [1.35, 1.65] 0.4pts
iii) (3 points) The closest‐approach signal is
the sound emitted when the jet’s radial velo‐
city is zero (jet directly overhead B). At that
emission, vr = 0, so the received frequency
equals f0. From part (ii)’s asymptotic rela‐
tions we have

f0 =
2f1f2
f2 − f1

=
2 · 320 · 1600

1280
= 800 Hz.

The observer hears this frequency on the
lower ridge (the receding branch crosses f0
as the jet passes overhead). Read t1 from
the spectrogram as the time when the lower
ridge crosses f0 = 800 Hz.

Set t = 0 at the moment the jet emits the
sound that the observer eventually hears as
the boom; call this position A. Let J denote
the jet’s positionwhen the observer hears the
boom, and O the observer. Then

|AJ | = vt, |AO| = ct,

and the boom‐tangency condition fixes
∠AOJ = π/2 (the wavefront from A
just grazes the observer). In particular,
sin(∠AJO) = |AO|/|AJ | = 1/M , identifying
∠AJO as the Mach angle α.

A

O

JB

ct d

vt

α

Let B be the foot of perpendicular from
O onto trajectory AJ , so |OB| = d (closest‐
approach distance). The right triangles
△JOA and △OBA are similar (both right‐
angled, sharing the angle at A). From this
similarity:

|BA| = |OA|2

|JA|
=

ct

M
,

d =
|OA| · |JO|

|JA|
=

ct
√
M2 − 1

M
.

The observer hears the boom at time t and
the closest‐approach signal at time |BA|/v+
d/c. The lag is

τ =
|BA|
v

+
d

c
− t,

τ =
t

M2
+

t
√
M2 − 1

M
− t.

Eliminating t via t = dM/(c
√
M2 − 1) and

simplifying:

τc = d
(
1−

√
1−M−2

)
,

d =
τc

1−
√
1−M−2

.

Reading from the spectrogram: t0 ≈ 3.3 s
(boom onset) and t1 ≈ 4.4 s (lower ridge
crosses 800 Hz), so τ ≈ 1.1 s. WithM = 1.5:

1−
√
1− 1/2.25 = 1−

√
0.5556 ≈ 0.255,

d =
340 · 1.1
0.255

≈ 1.5 km.

Grading.

• Computing f0 = 2f1f2/(f2 − f1) with
f0 ∈ [720, 910]Hz using the asymptotes
from part (ii) 0.4pts

• Using Mach cone and the corresponding
condition sinα = 1/M 0.4pts

• Recognising that at the point of closest ap‐
proach, f = f0 (no Doppler shift) 0.3pts

• Expressing the time t0 between the emis‐
sion (event A) and reception of the sonic
boom in terms of d 0.5pts

• Expressing the time t1 between event A and
reception of the wave emitted at B in terms
of d 1.0pts

• Reading t0, t1 from the spectrogram and
computing τ ∈ [0.85, 1.15] s 0.2pts

• Numerical answer if approach correct d ∈
[1.0, 1.7] km 0.2pts

9. CO2 FıRE EXTıNGUıſHER (8 points) — Solu­
tion by Jaan Kalda.
i) (1.5 points)At atmospheric pressure patm =
1.0 × 105 Pa, which is below the triple‐point
pressure pt = 5.18 × 105 Pa, no liquid CO2

can exist. The exit stream is therefore either
pure vapour, pure solid, or a solid–vapour
mixture. Pure solid is impossible: a ri‐
gid (incompressible) solid cannot expand or
accelerate through a converging–diverging
nozzle. So the exit is either pure vapour, or a
solid–vapour mixture; in the latter case the
temperature must be the sublimation tem‐
perature at 1 atm, Tsub ≈ 195 K (≈ −78 ◦C).

Tracing the isentrope from the initial
state to p = 1 bar on the T ‐s diagram
(provided): for both scenarios (a) and (b), the
trajectory crosses the saturation boundary
into the two‐phase region. Hence the stream
is a solid–vapour mixture at T ≈ 195 K in
both cases.

Grading.
• Recognising that liquid is impossible at
patm < pt, so the stream is solid, vapour,
or a mixture 0.5pts

• Excluding pure solid (cannot adiabatically
expand through nozzle) 0.2pts

• If solid–vapour coexistence, identifying
T = Tsub(1 atm) ≈ 195 K (≈ −78 ◦C),
within ±10 K 0.3pts

• Tracing the isentrope on the T ‐s diagram
and concluding the stream is in the two‐
phase region for one scenario 0.3pts

• Two‐phase for both scenarios 0.2pts



ii) (3.5 points) The expansion through the
nozzle is reversible and adiabatic, so it is is­
entropic: the entropy per unit mass s is con‐
served between the inlet and the exit. On
the T–s diagram, the trajectory is therefore
vertical (constant s) until it crosses a phase
boundary or a chosen isobar.

The exit pressure is patm = 1 bar, well be‐
low the triple‐point pressure pt = 5.18 bar.
From part (i), the exit state is in the two‐
phase (solid+vapour) region at Tsub(1bar) ≈
195 K (−78 ◦C).

Lever rule. In the two‐phase region at
fixed p, T , the total entropy per unit mass for
a mixture with mass fraction x of solid (and
1− x vapour) is

send = x ssol + (1− x) svap,

x =
svap − send
svap − ssol

,

where ssol and svap are the entropies of pure
solid and pure vapour at the boundaries of
the two‐phase region at p = 1 bar.

Reading entropies from the T–s dia‐
gram. At p = 1 bar (sublimation isobar at
T ≈ −78 ◦C), the boundaries are

ssol ≈ 400(50) J
kg · K , svap ≈ 3250(50) J

kg · K .

The initial entropies for the two scenarios are
read at T0 = 298 K (25 ◦C) on the saturation
dome:

• Scenario (a), saturated liquid at T0:
sa ≈ 2100(50) J

kg · K .

• Scenario (b), saturated vapour at T0:
sb ≈ 2550(50) J

kg · K .

Mass fractions. Applying the lever rule
to each:

xa =
3250− 2100

3250− 400
=

1150

2850
≈ 0.40,

xb =
3250− 2550

3250− 400
=

700

2850
≈ 0.25.

So the liquid‐fed extinguisher (a) pro‐
duces a stream that is∼40% dry ice (and 60%

vapour) by mass, while the vapour‐fed extin‐
guisher (b) produces a stream that is only
∼25% dry ice. The liquid scenario yields
about 1.6 timesmore solid CO2 per unit mass
discharged—which is why fire extinguishers
are designed to draw liquid.

Grading.
• Recognising that “reversible adiabatic”
means isentropic (s = const), so the end‐
point is found by tracing vertically down‐
ward on the T–s diagram 0.6pts

• Deriving the lever rule for mass fraction
x in the two‐phase region: x = (svap −
send)/(svap − ssol) 0.7pts

• Reading the initial entropy sa from the
saturated‐liquid line at T0 = 298 K (scen‐
ario a) 0.5pts

• Reading the initial entropy sb from the
saturated‐vapour line at T0 (scenario b)
0.5pts

• Reading ssol at the 1‐bar solid boundary
0.3pts

• Reading svap at the 1‐bar vapour boundary
0.3pts

• Computing xa ≈ 0.40±0.05 for scenario (a)
0.3pts

• Computing xb ≈ 0.25±0.05 for scenario (b)
0.3pts

iii) (3 points) Consider an infinitesimal isen‐
tropic (reversible adiabatic) expansion of the
saturated vapour from (T, psat(T )). Two tra‐
jectories meet at this point: the saturation
curve psat(T ), and the adiabat (constant en‐
tropy). The expansion follows the adiabat. If
the adiabat falls below the saturation curve in
T ‐p space (i.e., the vapour cools more slowly
than the saturation temperature drops with
pressure), then a finite fraction of the vapour
condenses into droplets. Otherwise the ex‐
pansion remains in the pure‐vapour region.

Saturation slope (Clausius–Clapeyron).
The saturated vapour above a liquid has
number density nvap in thermal equilibrium
with the liquid. By the Boltzmann distribu‐
tion, the probability of a molecule occupy‐
ing the vapour state (energy ℓ per molecule
above the liquid) versus the liquid state is

nvap

nliq
∝ exp

(
− ℓ

kBT

)
.

Treating nliq as T ‐independent and using

psat = nvapkBT ≈ (const) · T · exp(−ℓ/kBT ),
the dominant temperature dependence is ex‐
ponential. Per unit mass, ℓ/kB = L/Rs

where Rs is the specific gas constant of the
vapour. Differentiating ln psat:

1

psat

dpsat
dT =

L

RsT 2
.

Equivalently,

dT
dp

∣∣∣∣
sat

=
RsT

2

pL
.

Adiabat slope. For the ideal‐gas adiabat
Tp(1−γ)/γ = const, with Rs = cp − cv and
γ = cp/cv:

dT
dp

∣∣∣∣
adiab

=
RsT

cpp
.

Condensation condition. The vapour
condenses on expansion iff the adiabat cools
less than the saturation curve, i.e. dT

dp |adiab <
dT
dp |sat:

RsT

cpp
<

RsT
2

pL
,

L > cpT .

Numerical check (water at T = 373 K).
L = 2260 kJ

kg , cp = 2.0 kJ
kg · K :

L

cpT
=

2260

2.0 · 373
≈ 3.0 > 1.

Sowater vapour does condense on isentropic
expansion. This is precisely why steam from
a kettle appears as a visible white plume of
fine droplets, rather than as invisible pure
water vapour.
iv) (? points) Consider an infinitesimal isen‐
tropic (reversible adiabatic) expansion of the
saturated vapour from (T, psat(T )). Two tra‐
jectories meet at this point: the saturation
curve psat(T ), and the adiabat (constant en‐
tropy). The expansion follows the adiabat. If
the adiabat falls below the saturation curve in
T ‐p space (i.e., the vapour cools more slowly
than the saturation temperature drops with

pressure), then a finite fraction of the vapour
condenses into droplets. Otherwise the ex‐
pansion remains in the pure‐vapour region.

Saturation slope (Clausius–Clapeyron).
The saturated vapour above a liquid has
number density nvap in thermal equilibrium
with the liquid. By the Boltzmann distribu‐
tion, the probability of a molecule occupy‐
ing the vapour state (energy ℓ per molecule
above the liquid) versus the liquid state is

nvap

nliq
∝ exp

(
− ℓ

kBT

)
.

Treating nliq as T ‐independent and using
psat = nvapkBT ≈ (const) · T · exp(−ℓ/kBT ),
the dominant temperature dependence is ex‐
ponential. Per unit mass, ℓ/kB = L/Rs

where Rs is the specific gas constant of the
vapour. Differentiating ln psat:

1

psat

dpsat
dT =

L

RsT 2
.

Equivalently,

dT
dp

∣∣∣∣
sat

=
RsT

2

pL
.

Adiabat slope. For the ideal‐gas adiabat
Tp(1−γ)/γ = const, with Rs = cp − cv and
γ = cp/cv:

dT
dp

∣∣∣∣
adiab

=
RsT

cpp
.

Condensation condition. The vapour
condenses on expansion iff the adiabat cools
less than the saturation curve, i.e. dT

dp |adiab <
dT
dp |sat:

RsT

cpp
<

RsT
2

pL
,

L > cpT .

Numerical check (water at T = 373 K).
L = 2260 kJ

kg , cp = 2.0 kJ
kg · K :

L

cpT
=

2260

2.0 · 373
≈ 3.0 > 1.



Sowater vapour does condense on isentropic
expansion. This is precisely why steam from
a kettle appears as a visible white plume of
fine droplets, rather than as invisible pure
water vapour.

Grading.
• Setting up the comparison: condensation
occurs iff the adiabat lies below the satura‐
tion curve in T ‐p space 0.5pts

• Deriving the saturation slope via
Boltzmann: nvap/nliq ∝ exp(−ℓ/kBT )
(those who know and use the Clausius–
Clapeyron equation do not need to derive
it) 0.6pts

• Obtaining the Clausius–Clapeyron form
dpsat
dT = pL/(RsT

2) 0.6pts
• Adiabat slope dT

dp = RsT/(cpp) from ideal‐
gas adiabatic relation 0.4pts

• Comparing slopes to obtain the condition
L > cpT 0.6pts

• Numerical check for water giving
L/(cpT ) ≈ 3 > 1, hence condensation
0.3pts

10. BALL MAGNET (10 points) — Solution by
Jaan Kalda.
i) (2 points)The procedure has two stages: (1)
locate themagnetic axis on the ball’s surface,
and (2) determine which end is N (field exits)
and which is S (field enters).

Stage 1: locate the axis. Place the ball‐
magnet on the flat iron disk. The mag‐
net polarises the iron underneath, creating
an attractive image‐dipole. The interaction
energy is minimised when the magnet’s di‐
pole axis is perpendicular to the iron surface
(so the two dipoles are aligned head‐to‐tail).
The ball therefore rolls until its axis points
straight down at the disk. With a permanent
marker, mark a dot at the topmost point of
the ball (where the axis exits the upper hemi‐
sphere). Then carefully invert the ball, place
it on the disk again, and mark a second dot
at the new topmost point. The two dots are
diametrically opposite and lie on the dipole
axis.

For fullmarking precision, the dot should
be placed within∼1 mm of the highest point
of the ball; on a 10 mm ball this corresponds
to better than ∼10◦ angular alignment.

Stage 2: identify which dot is N. At

Tallinn’s latitude, the geomagnetic field B⃗E

points downward into the ground (the Earth’s
dipole moment points southwards as stated,
so its field lines re‐enter the ground in the
northern hemisphere). A free magnet self‐
orients with µ⃗magnet ∥ B⃗E. Place the ball on
the flat wooden plate (well away from iron
objects). The geomagnetic torque rotates the
ball until its dipolemoment µ⃗ aligns with B⃗E

— pointing downward, predominantly. The
ball does not roll away: B⃗E itself holds the
ball in the aligned orientation, since once
µ⃗ ∥ B⃗E the torque vanishes.

The N pole (where B⃗ exits, head of µ⃗) is
then on the bottom of the ball, and the S
pole on top. Re‐mark the upward‐pointing
dot with a cross (×): this is the S pole where
B⃗ enters. Leave the downward‐pointing dot
as a dot: this is the N pole where B⃗ exits.

Grading.
Method:
• Realising that the magnet rolls so its axis is
perpendicular to the iron disk 0.5pts

• Recognising that the geomagnetic field at
Tallinn points downward into the ground
0.5pts

• Realising that the free magnet self‐orients
with µ⃗ ∥ B⃗E, hence N points downward
0.5pts

Experiment:
• Procedure to mark both poles (dot on top,
invert, dot on top again, giving two diamet‐
rically opposite axis‐points) 0.2pts

• Both dots placed within ∼1 mm of the true
axis‐exit points 0.1pts

• Correctlymarking the upward‐pointing dot
as a cross (S, field enters) and leaving the
downward dot (N, field exits) 0.2pts

ii) (4 points) Idea. Place the ball‐magnet
between the rails on the wooden plate. As
the plate is tilted, gravity tries to roll the ball
downhill (rotating µ⃗ away from B⃗E), while
B⃗E exerts a restoring magnetic torque trying
to keep µ⃗ aligned. At a critical tilt βc, gravity
overcomes themaximummagnetic restoring
torque, and the ball begins to roll. Measuring
βc gives BE.

Setup. The cross on the ball is slightly

displaced from the exact top because B⃗E

is tilted from vertical (dip angle ∼ 70◦ in
Tallinn, so the horizontal component of B⃗E

is non‐zero and points magnetic‐north). Ori‐
ent the plate so that the cross’s small ho‐
rizontal offset from the topmost point lies
parallel to the rails. Equivalently, the rails
should run along the magnetic meridian,
with the ball’s dipole axis lying in the vertical
plane containing B⃗E and the rolling direc‐
tion.

Procedure.

• Place the plate horizontally and let the
ball settle: it self‐orients with µ⃗ ∥ B⃗E,
with the cross slightly offset toward
magnetic‐south of the topmost point.

• Re‐orient the plate (in the horizontal
plane) so the cross’s offset is parallel to
the rails (cross equidistant from both
rails).

• Slowly tilt one end of the plate upward.
Measure the elevation h of the higher
end above the lower endwith the ruler;
for a plate of lengthL, the tilt angle sat‐
isfies sinβ = h/L.

• Continue tilting smoothly and slowly
until the ball just begins to roll down.
Record h at that instant.

• Lower the plate, slightly displace the
ball to reset, allow re‐orientation, re‐
peat. Average over many trials — read‐
ings fluctuate due to small variations in
initial alignment, friction at the rails,
and the smoothness of tilting.

Force/torque balance. Just before
rolling, the ball is in static equilibrium
between gravity and the magnetic restor‐
ing torque. The gravitational torque about
the ball’s center (acting through the rail con‐
tact at distance r) is τg = mgr sinβ, where
r = d/2 is the ball radius. The maximum
magnetic restoring torque (when µ⃗ ⊥ B⃗E) is
τmag,max = µBE. Critical condition:

µBE = mgr sinβc,

BE =
mgr sinβc

µ
.

The magnet’s dipole moment is µ =
(4πr3/3)Br/µ0 = 0.50 A · m2, withmassm =
ρM · (4πr3/3) ≈ 3.93 g. So

mgr

µ
=

3.93× 10−3 · 9.8 · 0.005
0.50

≈ 385μT.

Measurements. A representative set of
trials with rail length L = 19 cm:

trial 1 2 3 4 5 6 7 8 9 10 avg
h (mm) 24 26 25 27 23 25 26 24 25 25 25.0

The standard deviation of the readings is
σh ≈ 0.12 cm, giving a standard error on the
mean of σh/

√
10 ≈ 0.04 cm, or about 1.5% of

the average.

With sinβc = h/L = 0.025/0.19 ≈ 0.132:

BE =
mgr sinβc

µ
= 385μT · 0.132 ≈ 51μT.

Combined uncertainty (statistical from σh

plus systematic from µ and r at the few‐
percent level): BE ≈ 51(3)μT, in good agree‐
ment with the known geomagnetic field at
Tallinn’s latitude (∼50 μT).

Grading.
• Recognising that gravity drives rolling and
magnetic torque resists it 0.2pts

• Gravity torque on ball: τg = mgr sinβ
(force times lever arm r to contact line)
0.2pts

• Maximummagnetic torque τmag,max = µBE

(when µ⃗ ⊥ B⃗E) 0.3pts
• Procedure: tilt the plate and record the
critical angle when the ball begins to roll
0.4pts

• Realising that the rails should be aligned
with the cross’s horizontal offset (i.e., par‐
allel to the magnetic meridian) 0.4pts

• Critical‐condition formula µBE =
mgr sinβc 0.5pts

• Solving for BE = mgr sinβc/µ 0.3pts
• Computing µ = (4πr3/3)Br/µ0 from the
given Br and ball geometry 0.4pts

• Documented measurements (multiple tri‐
als, table or list of readings) with averaging
and uncertainties 0.8pts

• Plausible numerical answer for BE in the
range 30μT to 70μT 0.5pts



iii) (4 points) Setup. The titanium piece
hangs as a pendulum from a string of length
L attached to the stand. Bring the ball‐
magnet close to the Ti so that one of its poles
touches the Ti’s surface. The paramagnetic
Ti is attracted toward themagnet. Slowly and
smoothly pull the magnet‐and‐Ti combina‐
tion horizontally; the pendulum tilts. At a
critical horizontal displacement xc, the mag‐
netic attraction can no longer balance the
gravitational restoring force, and the Ti de‐
taches from the magnet and swings back.
Measuring xc gives χ.

Practical execution.

• Keep the magnet stuck to the iron pin
in the wooden plate as a holder, so it
always points one pole forward (rather
than rotating in the hand).

• Ensure the magnet’s pole touches the
Ti at all times and at the same point
(the magnet’s tip, on the dipole axis);
a slight shift up or down reduces the
magnetic force.

• Pull very slowly so the system is quasi‐
static (no inertial effects, a ≈ 0).

• Repeatmany times. Take themaximum
observed xc as the result; smaller read‐
ings reflect imperfect execution (accel‐
eration, off‐axis contact, etc.).

A typical observed range: xc ≈ 210 mm to
260 mm.

Physics. The ball‐magnet has dipole mo‐
ment µ = (4π/3)(d/2)3Br/µ0 ≈ 0.50 A · m2.
On its dipole axis, at distance r from the
centre,

B(r) =
µ0µ

2πr3
.

At the moment of contact with the Ti, the
smallest distance from the magnet’s center
to the Ti’s center is rmin = (d/2) + dTi/2 ≈
5 + 1.2 = 6.2 mm.

The force on the paramagnetic Ti, using
the formula given in the problem with B2 ∝
1/r6 and |∇B2| = 6B2/r:

Fmag =
1

2

χVTi

µ0
· 6B

2(r)

r
=

3χVTiµ0µ
2

4π2r7
.

Force balance at detachment. Just be‐
fore the Ti detaches, the pendulum’s tilt
angle θc satisfies sin θc = xc/L, and the hori‐
zontal restoring force is mTig tan θc. Setting
this equal to the maximum magnetic force
(at r = rmin):

mTig tan θc =
3χVTiµ0µ

2

4π2r7min
.

UsingmTi = ρTiVTi to cancel VTi:

χ =
4π2ρTig tan θc · r7min

3µ0µ2
.

Numerical evaluation. Take pendulum
length L = 1.0 m (estimated from the stand)
and xc = 235 mm (representative maximum
from many trials). Then sin θc = 0.235,
tan θc ≈ 0.242. With ρTi = 4500 kg

m3 :

χ ≈ 4π2 · 4500 · 9.8 · 0.242 · (6.2× 10−3)7

3 · 4π × 10−7 · 0.52

≈ 1.6× 10−4 .

This is consistentwith the literature value for
pure titanium (χTi ≈ 1.8 × 10−4), within the
precision afforded by the experimental un‐
certainties.

Grading.
• Setup: pendulum + magnet, identification
of detachment as the limit condition 0.3pts

• Practical execution detail: keep magnet on
iron pin to maintain orientation 0.2pts

• Practical execution detail: ensure pole
touches Ti at the same axial point 0.2pts

• Practical execution detail: pull slowly
(quasi‐static, a ≈ 0) 0.2pts

• Performing ≥ 5 measurements (either
stated explicitly that the reported value is
themaximumof≥ 5 trials, or≥ 5measure‐
ments documented in a table/list) 0.4pts

• Taking the maximum (not average) of the
measurements as the reported xc 0.4pts

• Combining the given dipole‐field and
paramagnetic‐force formulas into Fmag =
3χVTiµ0µ

2/(4π2r7) 0.3pts
• Identifying rmin as magnet radius + Ti half‐
thickness (accounting for the wire’s radius)

0.4pts

• Force balance mg tan θc = Fmag,max (or
equivalently sin θc if the magnet is pulled
perpendicular to the thread rather than
strictly horizontally; the two forms differ
by ∼3% at the critical angle, smaller than
experimental scatter; both can be approx‐
imated as θ) 0.5pts

• Solving this equation for
χ = 4π2ρTig tan θcr

7
min/(3µ0µ

2) 0.3pts
• Documenting the observed maximum θc.
Full credit for θc ∈ [11.9°, 14.5 mm]; reduce
by 0.1 pts per half a degree outside this
range, down to a minimum of 0 0.3pts

• Numerical answer for χ. Full credit for
χ ∈ [1.5 × 10−4, 1.9 × 10−4]; reduce by 0.1
pts for each 0.1 × 10−4 outside this range,
down to a minimum of 0 0.5pts

Grading note (default credit for execution de­
tails): if the three execution details (iron‐pin
holder, axial pole contact, slow quasi‐static
pulling) are not stated explicitly but the re‐
portedmaximum horizontal displacement is
at least 220 mm, award 50% of each item’s
points (0.1 pts each, keep one decimal). The
reasoning: a result in this range can only be
obtained if execution was acceptable, even if
the student didn’t articulate why.


